Abstract. We give a semi-direct product decomposition of the point stabilisers for the enhanced and exotic nilpotent cones. In particular, we arrive at formulas for the number of points in each orbit over a finite field. This is in accordance with a conjecture of Achar-Henderson.
Introduction
In the theory of algebraic groups, we find that there is much insight to be gained from studying the nilpotent cone N of an algebraic group G, which consists of the nilpotent elements in the Lie algebra g of G.
One of the main reasons for this is because G acts on N , usually by conjugation, and there is an injective map (when G is reductive) from the G-orbits in N to the irreducible representations of the Weyl group W of G. This is a consequence of the Springer correspondence and was originally discovered by Springer [7] in 1976 and was explicitly described in all cases by Lusztig and Shoji by the early 1980s (see for example Shoji [6] ).
A well-known example of the Springer correspondence can be seen for the group G = GL(V ) of invertible endomorphisms of an n-dimensional vector space V over an algebraically closed field k. This is a reductive group whose Lie algebra is gl n = End(V ) (the endomorphisms of V ) and N is the nilpotent endomorphisms. Since G acts by conjugation on N , we have that the G-orbits in N are in bijection with P n , the partitions of n, by the Jordan canonical form theorem. On the other hand, the Weyl group of G is just the Symmetric group S n , whose irreducible representations are known to be in bijection with P n also.
So in this case the G-orbits in N are actually in bijection with the irreducible representations of W . However the same cannot be said for groups such as K = Sp(W ), where W is a 2n-dimensional symplectic space over k, because the map fails to be surjective.
To address this deficiency Kato [3] , in 2006 , introduced what he called the exotic nilpotent cone W × N 0 where N 0 is the variety N 0 = {y ∈ End(W ) | y is nilpotent and yv, v = 0 for all v ∈ W } and , is the symplectic form on W . He showed that the orbits in this new cone (where Sp(W ) acts naturally on W ) obey some kind of exotic Springer correspondence that also gave a bijection K \ (W × N 0 ) ←→ {irreducible representations of W }.
In fact Kato [3] showed in odd characteristic (and later char(k) = 2 in [4] ) that the Sp(W )-orbits are in bijection with Q n , the bipartitions of n.
What is interesting beyond just the results themselves is the connection between these results and those obtained for the next object to be introduced.
One of the recent innovations in the study of the exotic nilpotent cone and of algebraic groups in general, is the introduction of the G-set V × N . This has appeared in the work of people such as Achar-Henderson [1] and Travkin [9] , and was given the name enhanced nilpotent cone by Achar-Henderson in [1] . The main advantage of this enhanced cone is that while being a much simpler object, it is found to exhibit much of the same underlying combinatorics as is observed for the exotic cone.
For example, it was shown by Achar-Henderson [1] that there is also a bijection G \ (V × N ) ←→ Q n and that the closure ordering on these orbits agree with those on K \ (W × N 0 ) and are both given by a natural partial order on Q n . It will also be the case, as shown in this thesis, that the number of F q points of an orbit in K \ (W × N 0 ) is the same as the number of F q 2 points in the corresponding orbit in G \ (V × N ), where F q is the finite subfield of k of order q.
These similarities are extended by a conjecture of Achar-Henderson [1, Section 6], which states that the local intersection cohomology for the exotic nilpotent cone is the same as that of the enhanced nilpotent cone but with twice the degree. The above claim about F q points of the orbits would be a consequence of this conjecture. We will be investigating both of these objects by looking at the point stabilisers of their orbits and comparing them with each other as well as with the predictions of the conjecture.
In section 1 we review some preiminary definitions and relevant known results about the ordinary nilpotent cone of G = GL(V ), while in section 2 we determine the structure of the point stabilisers in each orbit of V × N . In particular, this allows us to give a formula for the number of F q points in each of the orbits.
In section 3 we obtain analogous results for the structure of the point stabilisers in each of the Sp(W )-orbits in W × N using section 2 as a stepping stone. We also obtain a formula for the number of F q points in each orbit and conclude that these results are in accordance with the predictions of the aforementioned conjecture.
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The nilpotent cone
Most of the standard results and notation for partitions can be found in Macdonald [5] . Some of this is included here for ease of reference while there is also some notation specific to our present discussion.
A partition is a non-increasing sequence of natural numbers
which are eventually all zero. That is, there exists a minimal l(λ) ∈ N such that λ i = 0 for all i > l(λ). Call this l(λ) the length of λ. Define the weight of λ to be
If |λ| = n, we say that λ is a partition of n. Denote by P the set of all partitions and by P n the set of all partitions of n. We denote the transpose partition and its parts by λ t = (λ
For convenience in the discussion that follows we will also write λ = (l n l h h ) h≥1 where we impose n l h > 0 and l h > l h+1 . So this just collects the equal parts of λ and writes it in decreasing order. With this notation we define an accompanying indexing set
The next result appears in Hua [2] and will be useful to us.
min(i, j)n i n j .
Consider the algebraic group G = GL(V ), where V is an n-dimensional vector space. The Lie algebra g of G is End(V ) and
We call N the (ordinary) nilpotent cone of G. Note that G acts on N by conjugation. That is,
If x ∈ N , we know that the eigenvalues of x are all zero, so the orbit of x is determined completely by the sizes of its Jordan blocks. Reordering the basis so that the block sizes (λ i ) i≥1 of the Jordan blocks decrease down the diagonal, we have (λ i ) i≥1 ∈ P n . Definition 1.2. Let x ∈ N . Call the partition λ ∈ P n of the reordered Jordan block sizes of x the Jordan type of x.
Hence we also have Proposition 1.4. The G-orbits in N are in one to one correspondence with P n , where the orbit Gx corresponds to the Jordan type of x. We will denote the orbit corresponding to λ by O λ .
Before we introduce the enhanced nilpotent cone let us look at the known results about the (ordinary) nilpotent cone. For x ∈ N , let G x be the centraliser of x in G. That is,
The results we present here about these centralisers are the ones we will be trying to generalise to the enhanced nilpotent cone. Fix a Jordan basis {v ij } for x ∈ N and recall the structure of G x , which we will express through a representation of G x . This same map will later contribute significantly to deducing the structure of the stabilisers in the enhanced case. Definition 1.5. For each h ≥ 1, let V h be the vector space given by the quotient
ker x l h −1 + im x ∩ ker x l h which has dimension n l h . Note that the cosets with representatives {v iλ i } i∈I h form a basis for V h and denote these cosets by {v
Since G x stabilises each of the subspaces ker x l h , ker x l h −1 and im x, we have a G
x action on each V h . Collecting together the corresponding representations, we have a homomorphism
To make this map more explicit, we look at the matrices with respect to the aforementioned basis. 
Proof. This is standard.
We now see how invertibility affects these coefficients.
In particular, y ∈ G x if and only if (c (y)) i,r∈I h blocks on the diagonal, each occuring l h times. Proposition 1.9. Let x ∈ N with Jordan type λ and let G x be the centraliser of x. Then
where U is unipotent and isomorphic to
Proof. This is a matter of showing Ψ 0 is surjective with
as varieties, and that im Ψ 0 can be identified with a subgroup of G x . Surjectivity follows from Lemma 1.8 because there are no more conditions for an element to be in G x and im Ψ 0 is clearly isomorphic to the subgroup H = {g ∈ G | c rs iλ i (g) = 0if λ i = λ r or s = λ r }. While for ker Ψ 0 we see that it is an affine subvariety of End(V ) ∼ = Mat n defined by the extra polynomial relations given in Lemma 1.7 and c rλr iλ i = δ ij whenever i, r ∈ I h , for all h ≥ 1. Each relation reduces the number of variables by 1 and we have from counting each Clearly every g ∈ ker Ψ 0 is unipotent by Lemma 1.8 since each of the invertible blocks (c
Now suppose F q is a finite subfield of k, and x is an F q -point. Then the centraliser G x is defined over F q . Corollary 1.10. Let x ∈ N (F q ) with Jordan type λ. The size of the stabiliser
where
, the result follows from Proposition 1.9.
This formula is a special case of Macdonald [5, (2.6) , p271].
Orbits in the enhanced nilpotent cone
Definition 2.1. A bipartition of n is a pair of partitions (µ; ν) such that µ + ν is a partition of n. Denote by Q n the set of all bipartitions of n.
Remark 2.2. Note that if we have (µ; ν) ∈ Q n with λ = µ + ν, then λ i = λ i+1 implies µ i = µ i+1 and ν i = ν i+1 since µ and ν have to be non-increasing. Let V be an n dimensional vector space over an algebraically closed field k and let N be the variety of nilpotent endomorphisms of V . We define the variety V × N to be the enhanced nilpotent cone of G = GL(V ). G acts on V × N in an obvious way, namely
Denote by G (v,x) the stabiliser of (v, x) under this action. That is
These stabilisers are the main object of this discussion and an investigation into their structure will occupy much of the remaining section. We now give a parametrisation of these orbits following AcharHenderson [1] and include it here for convenience.
Lemma 2.4. Let (v, x) ∈ V × N , with λ the Jordan type of x. There exists a Jordan basis {v ij } of V such that
where µ is a partition with µ i ≤ λ i for all i and the property that ν = λ − µ is also a partition.
Proof. See [1, Lemma 2.4].
Lemma 2.5. If λ is the Jordan type of x and (v, x) ∈ V × N , then the µ appearing in the previous lemma depends only on (v, x) and not on the choice of basis.
Proof. See [1, Lemma 2.5].
Definition 2.6. Let (v, x) ∈ V × N with x having Jordan type λ.
Call a basis such as the one appearing in Lemma 2.4 a normal basis for (v, x) and call the pair of partitions that appear the normal bipartition for (v, x).
Theorem 2.7. The G-orbits in V ×N are in one to one correspondence with Q n , where the orbit G(v, x) corresponds to the normal bipartition of (v, x).
In light of this theorem we will write O µ;ν for the orbit whose elements have normal bipartition (µ; ν). Now fix (µ; ν) ∈ Q n with λ = µ + ν and let (v, x) ∈ O µ;ν . Also fix a normal basis
. So the matrix of x with respect to this basis is in Jordan form and our vector is of the form
Since the stabilisers of elements from the same orbit are conjugate, we may choose our v to be any vector in the orbit G x v and still keep x in Jordan form. Since GL(V h ) acts transitively on V h \ {0} and
where i(h) is the smallest i in I h and define v h ∈ V h by
This choice of v resembles the convention of Kato [3] . We will also group the parts of µ and ν to match the parts of λ. That is, write
with j h ≥ j h+1 and k h ≥ k h+1 , which makes sense by Remark 2.2. Set k 0 = ∞. With this terminology in place, we are now ready to begin our investigations.
. We are required to show that
Lemma 2.8 allows us to restrict the codomain of Ψ 0 and define the following map. Definition 2.9. Let J = {h ≥ 1 | j h > j h+1 and k h < k h−1 } and define the homomorphism
in the same way as Ψ 0 . In explicit matrix terms, the map is still
Lemma 2.10. The map Ψ is surjective.
Proof. We want to show that each subgroup
is in the image, where
Then define g ∈ End(V ) x first by c rj iλ i (g) = 0 for j < λ r and then the following:
Lemma 2.11. The kernel of Ψ is isomorphic to
as varieties.
Proof. We see that ker Ψ is an affine subvariety of the centraliser ker Ψ 0 defined by the extra polynomial relations
= δ sµr for s ≤ µ r and r ≥ 1.
These conditions eliminate a total of h∈J n l h (j h − 1) + h / ∈J n l h j h variables from the number calculated in Proposition 1.9. Hence ker Ψ is isomorphic as varieties to an affine space of dimension
Now let h ∈ J and consider the natural map
induced by the action of GL(V h ) v h on V /kv h and then expressing this with respect to the basis {v
We can now compose Ψ with ∂ = h∈J ∂ n l h h / ∈J 1 V h , and the natural isomorphisms GL(V h ) → GL n l h (k) given by our choice of basis, to get
This is clearly surjective since Ψ is surjective.
Proposition 2.12. The kernel of ∂Ψ is unipotent and isomorphic to
Proof. We see that ker ∂Ψ is the same as ker Ψ as varieties, except with the extra free variables {c
} i∈I h \{i(h)} , for each h ∈ J, in its coordinate ring. So the number of variables is just h∈J (n l h − 1) more than what was calculated for ker Ψ in Proposition 2.11. That is
Also, every g ∈ ker ∂Ψ is unipotent by Lemma 1.8 since (c
We now search for a subgroup of G (v,x) isomorphic to im ∂Ψ so we can use ∂Ψ to decompose G (v,x) as a semidirect product of algebraic groups. First, for t > 0 define
Definition 2.13. Let H be the subset of G (v,x) defined by the following relations. For each r ∈ I h , we set c rj iλ i = 0 if j = λ r and the following
otherwise, unless i ∈ I h .
•
• h ∈ J.
c rλr iλ i = 0 unless i, r ∈ I h \ {i(h)} or i = r = i(h).
• j h = 0. c
Proposition 2.14. There is a subgroup H of
as algebraic groups. Moreover the isomorphism is given by the restriction of ∂Ψ to H.
Proof. First we show that H from Definition 2.13 above is indeed a subgroup, whence the isomorphism is given by the restriction of ∂Ψ to H. To show that H is a subgroup, it suffices to show that the coefficients which were fixed to 0 remain 0 when multiplying elements. Now reorder the basis as in Lemma 1.8 so that the elements in H are block upper triangular. But by definition of H, we have h / ∈ J c 
Proof. This follows from combining Proposition 2.12 and Proposition 2.14.
We will consider the following example to summarise our results. 
so H is clearly isomorphic to GL 2 × GL 2−1 and for this example we conclude that
where U ∼ = A 11 as varieties. Now suppose F q is a finite subfield of k, and (v, x) is an F q -point. Then the stabiliser G (v,x) is defined over F q .
Corollary 2.17. Working over F q , we have
where ϕ m (t) = m r=1 (1 − t r ).
Proof. As with Corollary 1.10, the result follows directly from Theorem 2.15.
Corollary 2.18. The number of F q points of O µ;ν is given by
.
Proof. Because the stabiliser G (v,x) is connected (this is a consequence of Theorem 2.15), O µ;ν (F q ) is a single orbit for G(F q ). Now apply the orbit-stabiliser theorem using Corollary 2.17 and | GL n (F q )| = q n 2 ϕ n (q −1 ).
Orbits in the exotic nilpotent cone
Let W be a 2n-dimensional vector space with a symplectic form , over an algebraically closed field k and let N 0 be the variety of self adjoint nilpotent endomorphisms of W . That is N 0 = {x ∈ End(V ) | x nilpotent and xv, v = 0 for all v ∈ W }.
Define the exotic nilpotent cone of K = Sp(W, , ) to be the variety W × N 0 , which has a K action given by g(w, y) = (gw, gyg ) for all g ∈ K and (w, y) ∈ W × N 0 .
Denote by K (w,y) the stabiliser of (w, y) under this action. That is K (w,y) = {g ∈ K | gw = w and gy = yg}.
As with the enhanced cone, we will thoroughly investigate the structure of these stabilisers with the aim of comparing results. We will discuss how the orbits in the exotic nilpotent cone can also be parametrised by bipartitions and how this parametrisation leads to a convenient correspondence between these orbits and the orbits in the enhanced cone.
We may identify a subspace of W with V by writing W = V ⊕ V * , where V * is the dual space of V . The symplectic form , can then be given by
From here we can identify N with {(x, x t ) | x ∈ N } ⊂ N 0 and GL(V ) with {g ∈ K | gV = V and gV * = V * } ⊂ K. Under these identifications we get that
where N (W ) are the nilpotent endomorphisms of W . This means that our exotic cone sits between these natural copies of the enhanced cone. This pleasing effect can be extended to the orbits when they are parametrised.
Theorem 3.1. There is a one to one correspondence between the Korbits in W × N 0 and Q n . Denote the orbit corresponding to (µ; ν) ∈ Q n by O µ;ν . Furthermore, under the identification given above, this parametrisation satisfies
where the parametrisation of G and GL(W ) orbits is as defined previously.
Proof. This is a restatement of a theorem proved by Kato. Kato proved the result in odd characteristic in his original paper [3] , whilst the characteristic 2 case followed later from [4, Corollary 4.3] . This result was restated in the above terms by Achar-Henderson [1, Theorem 6.1].
Let (µ; ν) ∈ Q n with λ = µ + ν, and fix (v, x) ∈ V × N with normal bipartition (µ; ν) and a normal basis {v ij }, writing (v, x) in the same form as in Section 2.3. Now by Theorem 3.1 we have that
which we take as our (w, y) since stabilisers of points in the same orbit are isomorphic. Letting {v * ij } denote the dual basis of {v ij } for V * , we define a basis {w ij } for W = V ⊕ V * by
otherwise where we defineī = 2l(λ) − i + 1 for i ≥ 0, and λ i = λī, µ i = µī for i > l(λ). Also redefine I h to be {i | λ i = l h } in this expanded definition of λ i . Warning: despite these new definitions, l(λ) and l(µ) will still refer to the lengths of the original partitions λ and µ. So we may write
With respect to this basis, y is in Jordan form and the block sizes form a palindromic sequence, so that y is symmetric in the off-diagonal from the top right to bottom left. The basis {w ij } is essentially a Jordan basis for y but without the restriction on the order of the block sizes. Consequently, the results that did not depend on this restriction are still valid here. 
Proof. Suppose z ∈ Sp(W ), h > 1 and let i, r ∈ I h . Then
Now recall the definition for V h and define W h similarly by
and note that the cosets {w
} i∈I h with representatives {w iλ i } i∈I h form a basis for W h . Let w h be defined by
For each h > 0, K (w,y) acts on W h to give a map
which is given in explicit matrix terms by Lemma 3.4 , which means that our action preserves the standard symplectic form on W h relative to our chosen basis.
Proof. This is identical to the proof of Lemma 2.8.
Combining these observations we get the following map.
Definition 3.6. Let J = {h ≥ 1 | j h > j h+1 and k h < k h−1 } and define the homomorphism
For each h ≥ 1 let j(h) be the largest index in I h . That is, j(h) = i(h).
Proposition 3.7. The map Ψ is surjective.
Proof. We aim to show that for each h ≥ 1 the appropriate subgroup
is in the image of Ψ, where
Then define g ∈ End(W ) y first by b rj iλ i = 0 for j < λ r and the following.
otherwise.
where the s rλr iλ i are determined to satisfy the symplectic conditions on the columns.
• If j h > j h+1 and
where the s rλr iλ i are determined to satisfy the symplectic conditions on the columns. Thus Ψ(g) = g ′ andĜ h ⊆ im Ψ as required.
Lemma 3.8. The kernel of Ψ is isomorphic to
Proof. We first note that the presence of the 1s on the diagonal will mean that imposing the symplectic condition on the columns will just simply reduce the number of variables in the coordinate ring. These conditions determine the entries below the off-diagonal in terms of those above but not including the off-diagonal blocks. So we get twice the dimension as for ker Ψ from Lemma 2.11 plus the contribution from the off-diagonal blocks. That is,
induced by the action of Sp(W h ) w h on w ⊥ h /kw h and then expressing this with respect to the basis {w
which clearly has kernel defined by
We can now compose Ψ with ∂ = h∈J ∂ n l h h / ∈J 1 W h , and the natural isomorphisms Sp(W h ) → Sp 2n l h (k) given by our choice of basis, to get
This is clearly surjective since Ψ is surjective. have the form
where we have the stabilising conditions a + t 5 = 1 c + t 6 = 0 and the symplectic conditions, which determine the variables t 2 , t 3 , t 10 , t 11 and either t 4 or t 12 depending on whether a or b is non-zero. This maps to
2 . In this example the surjectivity is already clear, but to illustrate the above definitions, the proof of Proposition 3.7 observes that
maps to 
we have that the elements of ker Ψ have the form         1 t 1 t 5 t 7 0 t 9 0 1 0 0 0 0 0 t 2 1 0 0 t 10 0 t 3 0 1 0 t 11 0 t 4 t 6 t 8 1 t 12 0 0 0 0 0 1
where the entries satisfy t 1 = −t 12 + t 3 t 10 − t 2 t 11 t 2 = −t 8 t 3 = t 6 t 5 = t 6 = 0 t 7 = t 10 .
So we see, as varieties, that
Definition 3.11. Let H be the subset of K (w,y) defined by the following relations. For each r ∈ I h , let have b rj iλ i = 0 if j = λ r and the following
otherwise, unless i, r ∈ I h \ {i(h), j(h)}.
• j h = 0. b
as algebraic groups. Moreover the isomorphism is given by the restriction of ∂ Ψ to H.
Proof. The proof is very similar to that of Proposition 2.14. First relabel the basis {w ij } so that it is a Jordan basis for y, with the same relative order of the Jordan blocks of each size as before, and then reorder this newly labelled basis as in the proof of Lemma 1.8. This will result in a block diagonal matrix as in Proposition 2.14, but possibly with extra entries in the j(h) row when h ∈ J. So in addition to the diagonal blocks encountered in the proof of Proposition 2.14, we may have some of the form We now reach the main result of this section. as varieties.
Proof. This follows from combining Proposition 3.9 and Proposition 3.12.
Now suppose F q is a finite subfield of k, and (w, y) is an F q -point. Then the stabiliser K (w,y) is defined over F q .
Corollary 3.15.
Proof. Since | Sp 2n (F q )| = q n+2n 2 ϕ n (q −2 ), the result follows directly from Theorem 3.14. h∈J ϕ n l h −1 (q −2 ) h / ∈J ϕ n l h (q −2 )
Proof. Because the stabiliser K (w,y) is connected (this follows from Theorem 3.14), O µ;ν (F q ) is a single orbit for K(F q ). Now apply the orbitstabiliser theorem using Corollary 3.15 and | Sp 2n (F q )| = q n+2n 2 ϕ n (q −2 ). 
